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Abstract

A recently proposed concept for a ring-based multi-axis rate sensor requires that two in-plane modes of
vibration and two out-of-plane modes of vibration of a ring each have identical natural frequencies. This
work proposes a practical mass trimming approach for eliminating the frequency splits between these four
natural frequencies for an initially imperfect ring. Given that the modes of an imperfect ring are unlikely to
consist of pure in-plane and pure out-of-plane modes, the proposed trimming approach takes account of
the cross-coupling that exists between the in-plane and out-of-plane modes. The proposed approach
consists of three stages: (i) eliminate the frequency split between a pair of predominantly in-plane modes
and a pair of predominantly out-of-plane modes; (ii) eliminate the cross-coupling between the in-plane and
out-of-plane modes; (iii) match the in-plane and out-of-plane natural frequencies. Numerical examples
demonstrating and validating the approach are provided.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

The important drivers into the research and development of rate sensors are improvements in
the accuracy, efficiency and useful measurement capability. A recently proposed concept for
achieving such improvements is the multi-axis rate sensors; that is, a rate sensor that can detect
the rotational speed of an object about more than one orthogonal axis simultaneously. Such
sensors have the potential to reduce the need for increased numbers of single axis sensors and
provide useful redundancy if a sensor fails.

The design of ring-based rate sensors is based around the fact that perfectly axi-symmetric rings
have natural frequencies that occur in degenerate pairs and modes of vibration that are spatially
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orthogonal and have indeterminate positions. Based on the planar form of rings, it is usual to refer to
the modes of the ring as being either in-plane, consisting of radial and tangential displacements, or
out-of-plane, consisting of axial (out-of-plane) and twisting displacements. To understand the
principle of operation of a multi-axis sensor [1,2], consider the modes of vibration of a perfect ring
shown in Fig. 1. The two pairs of modes on the left are in-plane modes and the two pairs of modes on
the right are out-of-plane modes, both shown with 2 and 3 nodal diameters. If one of the in-plane
modes is excited (the so-called carrier mode), angular rate about the polar axis will couple the in-
plane (carrier) mode with the companion in-plane (response) mode. Applied rate about a diametral
axis within the plane of the ring will couple the in-plane (carrier) mode with one or both of the out-
of-plane (response) modes. Similarly, if one of the out-of-plane (carrier) modes is excited, angular
rate about a diametral axis will couple the out-of-plane (carrier) mode with one or both of the in-
plane (response) modes. More generally, it can be shown that the in-plane and out-of-plane modes
only couple when np = n; +1 [1,2], where n; is the number of in-plane nodal diameters and #n is the
number of out-of-plane nodal diameters. The coupling mechanism between the carrier and response
modes is the Coriolis force and the sensitivity of the sensor is highly dependent on the natural
frequencies of the modes concerned. To achieve maximum sensitivity of rate measurements, it is
necessary to have the natural frequencies of the carrier mode and all of the response modes matched
to within 0.01%. It is trivial to choose dimensions of a perfect ring to achieve this. However, in
reality, imperfections due to dimensional variations and material non-uniformities exist which
produce small frequency splits and severely diminish the performance.

The effect of imperfections is to introduce frequency splits both within a pair of “in-plane” and
a pair of “out-of-plane” modes, and between the in-plane and out-of-plane modes. In addition,
the imperfections fix the orientations of the modes within the ring. In previous work [1,2], the
modes were assumed to be either in-plane or out-of-plane, even in the presence of imperfection.
Strictly speaking this is not true, since any imperfection only slightly misaligned from the
mid-surface of the plane of the ring will induce coupling between the in-plane and out-of-plane
modes, modifying the mode shapes so that they each consist of a combination of in-plane and
out-of-plane contributions. For a vibrating rate sensor, any imperfection-induced coupling can
degrade the rate measurements, since the principle of operation is based on the coupling being due
to the applied rate (through the Coriolis forces) only. Imperfect rings with high degrees of cross-
coupling are a particular concern in the development of multi-axis rate sensors.
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Fig. 1. The maximum displacements of the in-plane (7; = 2 and 3) and out-of-plane (no = 2 and 3) generalized co-ordinates.
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A number of researchers have reported the development of multi-axis rate sensors. Fujita et al.
[3] proposed a two-axis sensor based on an oscillating disk that could measure rate about the axes
within the plane of the disk. Work by Eley, Fox, McWilliam and Fell, in conjunction with BAE-
Systems [1,2,4-6], has investigated the use of a ring-shaped rate sensor that can detect rate about
two or three axes. The basic equations of motion have been derived and solved, and successful
prototypes have been demonstrated. Gallacher et al. [7] have also reported work on ring sensors.
These publications highlight the necessity for good frequency matching between modes, requiring
trimming procedures to reduce (ideally eliminate) the effects of imperfection, but have not
considered, in detail, the influence of imperfections, or how to compensate for them. The purpose
of this paper is to investigate the effect of mass imperfections on the natural frequencies and
orientations of the modes of a perfect ring and to develop a trimming process that can eliminate
the aforementioned frequency splits from an imperfect ring by the addition, or removal, of mass.

The effect of imperfections on the in-plane modes of rings and cylinders has been studied by a
number of authors [8-20]. Some papers [9,10,13,19,20] model imperfection in terms of masses and
springs attached to the ring, while others [11,15-17] consider more general shape variations. As any
manufacturing process has inherent errors that will introduce imperfections, it is necessary to consider
methods for eliminating the effect of those imperfections. Useful papers by Fox [13,14] propose and
demonstrate practical trimming procedures that can compensate for the effects of small imperfections
and reduce the frequency split to an acceptable level for a single pair of modes. Rourke et al. [19,20]
have extended this method to eliminate the frequency splits for multiple pairs of in-plane modes.

A similar approach will be taken here to investigate the effect of imperfections and to develop a
trimming process to eliminate the effects of imperfections from four modes (one in-plane pair and one
out-of-plane pair) with similar natural frequencies simultaneously. Section 2 will consider the effect of
imperfection masses on the mode shapes and natural frequencies of a perfect ring, and also the cross-
coupling between the in-plane and out-of-plane modes. In Section 3 a trimming procedure will be
developed. This will consist of three stages: (i) the magnitude, radial and angular positions of the
trimming masses will be determined to eliminate the frequency splits of the predominantly in-plane
and out-of-plane modes; (ii) the axial positions of the same masses will be determined to eliminate the
in-plane/out-of-plane coupling; (iii) the natural frequencies of the purely in-plane and out-of-plane
trimmed modes will be matched by the addition of a second set of trimming masses. Section 4 will
present some numerical examples to demonstrate and validate the derived trimming process.

2. Effect of imperfection masses on the modes of a perfect ring
Before outlining the effect of imperfection masses on a perfect ring, it is important to note that

the perfect rings under consideration are thin. This ensures that the effects of rotary inertia and
shear deformation are negligible and so these terms will not be considered in this analysis.

2.1. The in-plane and out-of-plane displacement of a ring

Previous work by the authors has considered the in-plane (tangential and radial) displacements
(u, w) of a thin ring [19,20]. In this paper, the out-of-plane motion will also be considered. Using
Kirkhope [21] the out-of-plane modes of a perfect ring consist of an axial displacement v and an
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angular displacement 0, due to twisting about the centroidal axis of the ring section. These
displacements are shown in Fig. 2.

In the present work, the displacement of the centre-line of the ring will be defined using four
generalized co-ordinates, Q;, where i = I1 and I2 correspond to the two orthogonal in-plane
modes of a perfect ring that have n; nodal diameters and i = O1 and O2 correspond to the two
orthogonal out-of-plane modes that have np nodal diameters. As has been shown previously [22],
the radial w and tangential u displacements associated with in-plane generalized co-ordinates Oy,
Op, with n; nodal diameters take the form

wi | _ on) nysinni(¢p — @) ’ )
umn Ccos I’l]((]s - (pnl)

{ wr2 } _ sz(l){ ny C.OS ni(¢ — @) }’ @)
up —sinny(¢ — @,r)

and the axial displacement v and twisting 6 about the centroidal axis associated with a pair of out-
of-plane generalized co-ordinates Qp;, Qo> with np nodal diameters take the form
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where ¢ = ((1 4+ w)/(1 + n%p))/R and u = GCr/(EL). E, G and I, are the Young’s modulus, shear
modulus and second moment of area of a section of the ring, Cr = c#*L?/(h* + L?) and ¢ is a
function of the ratio of /& to L (radial thickness to axial length) that has values between 0.28 and
0.33 (see Table 8—18 of [22]). R is the mean radius of the ring (see Fig. 2).
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Fig. 2. (a) and (b) Dimensions and general co-ordinates of a ring.
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Fig. 3. Displacement of a general point of the ring.

The spatial angles ¢,; and ¢, have been included to account for any possible misalignment
between the in-plane and out-of-plane generalized co-ordinates and an arbitrary reference. It can be
argued that, as the generalized co-ordinates can be chosen arbitrarily, these spatial angles are
unnecessary. However, the generalized co-ordinates will be chosen so that each of the predominantly
in-plane modes is aligned with one of the in-plane generalized co-ordinates and similarly each of the
predominantly out-of-plane modes is aligned with one of the out-of-plane generalized co-ordinates.
The reason for this choice is to simplify the analysis of the effect of imperfections and the trimming
process. The introduction of spatial angles has been used in previous trimming processes [13,19,20].

Figs. 1(a) and (b) show the maximum displacements of the in-plane and out-of-plane
generalized co-ordinates for n; and np equal to 2 and 3, and include the undeformed ring and the
¢ = 0 axis as reference points. The generalized co-ordinates have been chosen such that if Qy; is
orientated at angular position ¢, the orthogonal co-ordinate Qj; is orientated at ¢ + n/2n; and
similarly for Qp; and Qg». In Figs. 1(a) and (b), Q;1 and Qg are aligned with each other at the
arbitrary origin (in the sense that the corresponding radial and axial displacements have a cosine
variation) but in general this will not be the case.

Taking into account the fact that the twisting 0 produces displacement in the radial and axial
direction for points not on the centre-line of the ring cross-section (see Fig. 3), it can be shown
that the displacement of a general point in the cross-section of the ring can be expressed as

u sinng(¢ — @) cosn(p — @)
v »=0n 0 +0n 0
w nycosni(d — @,;) —ngsinng(p — @,y)
0
+ Qo1 c0sno(p — @,0)3 1 4 znp¢
—ynpé
0
+Q02sinno(d — p,0)§ 1+ 2mH¢ o, )
—ynpé

where y and z are the axial and radial positions of the point under consideration.
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2.2. General equations of motion of a perfect ring with attached point masses

The equations of motion for a perfect ring with attached point masses are derived using
Lagrange’s equations, and for this purpose it is necessary to consider the kinetic and strain
energies of the structure.

It can be shown that the kinetic energy 7 of a perfect ring can be expressed as [23]

(* + L) i

—tonere( 4@+ 0+ (14 L e )03, + 03

=M 07, + MpOj, + M1 0% + M 0%, (6)

and the kinetic energy of the attached imperfection masses 7}, can be expressed as
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In these equations, p is the density of the ring, #; and L; are the radial and axial locations of the ith
attached imperfection mass from the centre of rotation, see z and y, respectively in Fig. 3, and ¢; is
the angular location of the ith attached imperfection mass.

To determine expressions for the strain energy of the ring, it is assumed that the strain energies
due to the in-plane and out-of-plane displacements can be calculated independently. It can be
shown that the strain energy due to in-plane deformation can be expressed as [13]

E//lLﬂTC 1] K[2

Son; = 2R(1 — 2) 1(1 - ”1) (Q]l + le) = Q%l Q12’ (16)
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where f = h>/12R? and v is the Poisson ratio. Using Ref. [21] it can be shown that the strain
energy due to out-of-plane deformation can be expressed by

CEL (1 N\, CrG (a0 1 v\’
SOnO—zR/O <E?&—9> d¢+ 2R/0 <%+E£> d<]5, (17)

where the effects of twisting have been included. Substituting Egs. (3) and (4) into Eq. (17) gives
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As in previous mass trimming processes [13,19,20], it will be assumed that the mass imperfections
do not affect the stiffness of the ring.

Combining Egs. (6) and (7) to obtain the total kinetic energy and Egs. (16) and (18) to obtain
the total strain energy, and substituting the resulting expressions into Lagrange’s equation
together with a standard viscous dissipation function yields the following equations of motion:

(M +m)Q +CQ +KQ=F, (19)
where
. my 0 mpor mno»
M = diag[M 1, M2, Mo1, M o], 0 . . .
K = diaglK/1, K2, Ko, Koo, ~ m= S R 5
. mrior mMpoi moi
C = diag[Cy1, Cp2, Cot, Conl,
mrno2 Mpoe2 0 moo
F=(Fn Fn For Fon)', Q=(0n 0On Qo Q) (24,25)
where diag[a, ay, ..., a,] represents an n x n diagonal matrix whose jjth entry is @y when i =j =k

and 0 when i#j. Here F; and C; are the external forces and damping terms associated with
generalized co-ordinates Q.

It can be seen from the off-diagonal terms in the mass matrix m that, in general, the in-plane
and out-of-plane generalized co-ordinates are coupled. Using Eqgs. (12)—(15) it can be seen that the
coupling due to an individual imperfection mass is dependent on the size and location of the mass,
and on the displacement of the ring at the point of attachment. Furthermore, the off-diagonal
mass terms will affect the natural frequencies and modes of vibration of the ring. The influence of
the coupling on the natural frequencies and mode shapes will be discussed with reference to an
example in what follows.

2.3. Natural frequencies and modes of vibration for an example imperfect ring

To illustrate the effect of imperfection masses on the natural frequencies and mode shapes of
the ring, a numerical example will now be considered consisting of a pair of imperfection masses
attached to a perfect ring. The dimensions and physical properties of the ring are chosen to be in
agreement with the prototype multi-axis ring that was designed by Eley [2] to produce natural
frequencies of approximately 4 kHz for the n; = 2 in-plane modes and the np = 3 out-of-plane
modes. The density of the ring p = 8250 kg/mS, the mean radius R = 0.0415 m, the radial
thickness /# = 0.003 m, the axial length L = 0.00105 m, and the value of u = 0.3. From these
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properties the mass matrix M of the perfect ring (see Eq. (20)) can be calculated. In the results that
follow, the stiffness is chosen to produce an out-of-plane natural frequency wyo of 4004 Hz and
an in-plane natural frequency wg; between 4000 and 4010 Hz for the perfect ring. Thus the
stiffness matrix K of the perfect ring is generated by using Eq. (21) and by noting that the natural
frequencies of the perfect ring are given by w?> = S/T.

The effect on the perfect ring of a pair of imperfection masses of 0.1% and 0.15% of the mass of
the perfect ring, attached at angular positions of 0° and 30°, respectively, and at radial and axial
positions of —//2 and L/2 from the centre-line of the ring will be considered. Figs. 4(a)—(d) shows
the eigenvectors, whilst Fig. 4(¢) shows the natural frequencies for these specified imperfections.

Figs. 4(a)—(d) represent the relative contributions of the two in-plane and two out-of-plane
generalized co-ordinates for each mode. It can be seen that there are no modes that are purely in-
plane or purely out-of-plane as the natural frequencies of the perfect ring are varied. Instead, all
four mode shapes are a combination of in-plane and out-of-plane contributions. This is
particularly apparent in regions where the natural frequencies of the modes are close together (see
Fig. 4(e)).

Fig. 4(e) shows the natural frequencies of the ring. The solid curves represent the exact natural
frequencies, whilst the dashed curves indicate the natural frequencies of the ring if there was no
coupling between the in-plane and out-of-plane displacement, i.e., if the off-diagonal terms mi;; 01,
myi02, Mpo1 and mp s are neglected in Eq. (23). It can be seen that there are some combinations
of in-plane and out-of-plane frequencies of a perfect ring for which a single “in-plane’ natural
frequency and a single “out-of-plane” natural frequency are the same when the imperfection
masses are added. For these situations, the natural frequencies cannot be determined accurately
by neglecting the off-diagonal mass terms. Similarly, the modes at those points cannot be
considered as being purely “in-plane” or purely “out-of-plane”.

For regions where the natural frequencies are not close together (for example, the regions close
to 4000 and 4010 Hz) it can be seen that the mode shapes correspond to either in-plane or out-of-
plane modes, meaning that the equations of motion are effectively uncoupled. In addition, in these
regions, the effect of the in-plane/out-of-plane coupling on the natural frequencies of the modes
becomes negligible, and the modal behaviour is greatly simplified. It is in these regions that
previous analysis of the effect of imperfections on the modes of a ring was performed.

2.4. Some comments on the development of a multi-axis trimming procedure

Previous work on frequency trimming has considered trimming in-plane and out-of-plane
modes that are uncoupled. Given that these mode types are effectively uncoupled when their
natural frequencies are sufficiently separated, a sensible strategy in the development of a practical
trimming procedure is to: (i) consider a ring in which the in-plane and out-of-plane natural
frequencies are sufficiently separated that the in-plane/out-of-plane coupling can be ignored, and
trim the in-plane and out-of-plane modes separately; (ii) eliminate the in-plane/out-of-plane
coupling; (iii) trim the uncoupled ring so that the in-plane natural frequencies are equal to the out-
of-plane natural frequencies. To achieve steps (i) and (ii) it is necessary to consider the effects of
imperfection masses on: (i) the natural frequencies of the ring when the coupling is neglected; and
(ii) the coupling between the in-plane and out-of-plane modes. These are considered in the
following sections.
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Fig. 4. (a)—(d) In-plane and out-of-plane displacements of the four modes of an imperfect ring that has been formed by
the addition of a pair of imperfection masses. (e) Natural frequencies of the four modes of an imperfect ring that has

been formed by the addition of a pair of imperfection masses.
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2.5. Natural frequencies for an imperfect ring, neglecting in-planelout-of-plane coupling

Neglecting the in-plane/out-of-plane coupling, the natural frequencies for a perfect ring with
attached point masses can be determined using Eq. (19), but with the off-diagonal terms mi01,
myi02, Mpo1 and myppp set to zero in Eq. (23). Noting that Eq. (19) is uncoupled, it is a reasonably
simple task to calculate the natural frequencies analytically, and it can be shown that the in-plane
and out-of-plane natural frequencies are given by

s 1 —|—n%
wn = Wy <(1 +n3) + >, mi[(1 + n2)+(n? — 1) cos 2ns(¢p; — </>,1,)]/M0>’ (26)
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(27)
where wo; and wgp are the in-plane and out-of-plane natural frequencies for the perfect ring,
such that
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In addition, it can be shown [13] that the orientations of the in-plane and out-of-plane modes (¢,,;
and ¢, in Eqgs. (1)—(4)) with respect to some general reference point can be determined, and are
given by

> imisin 2np¢;
. B> l 30
an zny@,, Zi m; COS 2n1¢[’ ( )
(1 4 2k 2+ LHnb &) sin 2no¢;
tan znoq)no _ Zl m ( + h noi + (hz + l)nOé ) Sin n0¢1 (31)

S0 mi(1 4 2y ¢ 4 (B2 4 LYnhE?) cos 2nod;

Eqgs. (26)—(31) are expressions for the natural frequencies and mode orientations for a perfect ring
with attached point masses, assuming that there is no coupling between the in-plane/out-of-plane
modes. These equations will be used to formulate part of the proposed trimming procedure later.

2.6. In-planelout-of-plane coupling for an imperfect ring

To be able to develop a practical trimming process it is necessary to eliminate the effects of
cross-coupling between the in-plane and out-of-plane modes. To be able to achieve this it is
necessary to be able to quantify the amount of cross-coupling that exists, and this is considered
here.
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In practice, the influence of cross-coupling is most apparent in a vibrating gyroscope when
harmonic excitation applied to an in-plane mode (say) results in a harmonic out-of-plane
response, when no rate is applied. For this reason, it is convenient to consider the response of the
generalized co-ordinates when a harmonic excitation is applied to the system.

Applying a harmonic excitation at frequency w to Eq. (19), the steady state response of the
generalized co-ordinates can be expressed as

On =qnsin(wt — ¥Yn), Op = qpsin(wt — ¥p),
Qo1 = qo1 sin(wt — Y1), Qox = qoz sin(wt — ¥ ), (32-35)

where the ¥, terms take account of the phase differences between the generalized co-ordinates
and the excitation force. Substituting Eqgs. (32)—~(35) into the equation of motion (19) produces
equations of the following form

{(0f — o) sin(wt — Vi) + 200k); cos(wt — Vi) gk
2

. . F .
——(m sin(wt — ¥ sin(wt — ¥ = ———sinwt, 36
A Jrmk( kd1qd1 sin( a1) + Miaaqan sin( a2)) Fy7— (36)

where if k=11 or 12, d =0 and if k=01 or 02, d =1, myy1 = mg1 and myn = my. In
addition, wy is given by Eqs. (26) and (27) and 2wxy, = Ci /(M + my).
Solving Eq. (36) it can be shown that the magnitude and phase of the generalized co-ordinates
are given by
(@7 — *)m cos W1 — 20wy m sin ¥ 201
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It is clear from Egs. (37) and (38) that the generalized co-ordinates are coupled, and that it is
difficult to obtain exact analytical expressions for the generalized co-ordinates that are
independent of the other generalized co-ordinates—i.e., Eqgs. (37) and (38) are non-linear
algebraic equations in terms of the generalized co-ordinates and the associated phase angles. An
iterative solution for the generalized co-ordinates and phase angles is feasible and is used here to
develop an approximate analytical solution to these equations. This is achieved by using a two-
step iterative solution procedure. The first step assumes that the coupling has no effect on the
solution, and yields an approximate (first order) solution for the generalized co-ordinates and
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phase angles. This solution is equivalent to neglecting the “w?(...)” terms appearing on the right
hand sides of Eqgs. (37) and (38). The second step involves using these first order solutions in the
right hand side of Egs. (37) and (38) to determine a new approximate solution. Performing this
operation it can be shown that the generalized co-ordinates and the associated phase angles can be
expressed as

- (H3, + Hiy)'? tan ¥y = Hy,
(M + mp) (0} — 02 + do?a’y?) Hy’

i (39, 40)

where
Mid1 o’ (0 — ©)Hya1 — 2007, Haa1)
(Mg + myy) (w3, — ?)* + 4’w 3,
My 0™ (0f — 0*)Hiay — 200y, Han)
(Mg + myp) (w2, — w?)? + 4w?w?,y2,

Hy = Hy +

) (41)

migr ©*Qooy Hia 4 (0f — 0*)Hag)
(Mg + mgy) (@2, — 0?)* + 42?2,
My 0 Qoo Hig + (0f — o) Hygp)
(Mo +ma) (03 — @) + 402037,

Hy = Hoi +

, (42)

Hy = (a),% - CUZ)F/“ Hy = 20wy, Fr. (43, 44)

Egs. (39) and (40) indicate how the generalized co-ordinates depend on their associated wy terms,
the imperfections masses attached to the ring and the frequency of the applied driving forces w. By
considering only a single force, it is possible to evaluate the degree of in-plane/out-of-plane
coupling that exists in each mode of the imperfect ring. To achieve this for a practical vibrating
rate sensor it is necessary to consider the practical arrangement of drive forces and sensors that
are used. This will be considered next.

2.7. In-planelout-of-plane coupling of a practical sensor

In a typical sensor structure, sensors measuring the radial motion of the ring determine the
displacements of the in-plane modes and sensors measuring the motion perpendicular to the plane
of the ring determine the displacements of the out-of-plane modes. There will be a reference point
within the ring that is fixed by the structure of the ring. The position of the in-plane and out-of-
plane modes, and so the positions of the generalized co-ordinates, will be determined with
reference to that point using these in-plane and out-of-plane sensors.

If the in-plane and out-of-plane sensors are positioned at angular locations ¢, and ¢,,,
respectively (see Fig. 5), then the radial and axial displacements “‘seen” by the sensors can be
expressed as

w=wn0n +wnlOp
=ni(qn sin(wt — Y1) cosni(dp,; — ¢,,) — qr2 sin(wt — ¥ ) sinn(¢,; — ¢,,))
= W sin(wt — Py ), (45)
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Fig. 5. Orientation of the in-plane and out-of-plane generalized co-ordinates within the ring with respect to an arbitrary
origin and the orientation of the in-plane and out-of-plane sensors with respect to the same origin.

v =001Q01 + 102002
=qo1 sin(wt — ¥ o1) cos no(¢,, — @,,) — qoz sin(wt — ¥o2) sinno(¢,, — @,,)

=V sin(wt — ¥y), (46)
where
~ 1/2
W (gn cos ¥y cos (¢, — ¢,,) — qr2 cos ¥y sinng(d,; — (pnl))2 / w
+ (qn sin ¥py cosny(¢,; — @,,) — qr2 sin o sinng($,; — 9,,))
sin ¥y cosny(¢p,; — —gpsin Y sinng($,; —
tan ¥y = 4n 11 I(d)pl (pnl) qn 12 : I(d)pl (Pnl)’ (48)
qn cos Wi cosni(d, — ¢,,) — g2 cos ¥rpsinng(¢,; — @,
. 1/2
i _ [ (@01 cos Porcosno(dy, = ¢,,) = qorcos Vop sinno(dy, — Pn)) / )
+ (qu sin TOI Cos l’lO(d)p() - (pno) —qo02 sin TOZ sin no((f)po — q)no))2 ’
sin WY cosn — — sin ¥, sinn —
tan ¥y — qoi o1 o(@po — @p,) — qo2 02 o(Dpo = 1) .

qo1 cos ¥ o1 cos no(¢,, — @,,) — qo2 c0s ¥oa sinno(d,, — @,,)

In gene.ral, ¢pi7é Py, OF Py, + n/2n; and ¢, # @, or @,  + m/2no and 50 the sensors will measure
a combination of the displacements along both of the relevant generalized co-ordinates (in-plane
generalized co-ordinates with the in-plane sensor and out-of-plane generalized co-ordinates with
the out-of-plane sensor). As the modes and the generalized co-ordinates are orientated at the same
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position this means that, in general, the sensors will measure a combination of the displacements
of more than one mode. However, if the sensors are aligned with the position of one of the
relevant generalized co-ordinates then only the displacement of the corresponding mode (such as
the first in-plane mode) will be measured and none of the other mode (the second in-plane mode)
will be detected.

Eqgs. (45) and (46) enable the magnitude of the coupling between the in-plane and out-of-plane
generalized co-ordinates to be assessed. This process can be simplified further by considering
specific forces associated with specific generalized co-ordinates. For example, consider an applied
force Fj; with the forces associated with the other three generalized co-ordinates set equal to zero.
For this case, Egs. (45) and (46) simplify to

_ niFpy cosny(¢,; — @,,)
(M +mp)(w} — @?)* + 4o’ )7))

- (1)

F[]CL)Z

C(Mp + mp)(0} — ) + 4020} y3,)

1/2

12
y (Brio1 cos Wor — Brioa cos ¥ ) 52)

+ (Brio1 sin Yo1 — Brio sin ¥ op)? ’

where
tan W, = 20 [ 21 (g — @) + o190 — ) (53)
’ (0}, — 0*)(wp; — ©?) — do’onooyn Vo)

Biy — Mio1 COS NPy, — @p,) (54)

(Mo + mo)(wh, — 0?) + 4wl 75,)"?

Moy SIN N -

Bios — k02 o(Ppo — Puy) (55)

(Moy + moy)(why — @) + 4w’ wyyh)'*

There are a number of features of Egs. (51) and (52) that will be relevant when considering the
trimming of the frequency splits of an imperfect ring with the additional aim of eliminating in-
plane/out-of-plane coupling. The main point to note is the dependence of Eq. (52) on the mass
terms, myio; and myipp. These terms will have a significant effect on the in-plane/out-of-plane
coupling. For example, if both of these terms could be reduced to zero there would be no
coupling. Also, if the net contribution from the mass terms was zero in Eq. (52), then there would
be no coupling. Expressions for the mass terms were given in Egs. (12—-15) and it can be seen that
the terms are linearly dependent on the mass and the axial positions of the imperfection masses
but are independent of their radial positions. Therefore, it is possible to modify the degree of in-
plane/out-of-plane coupling for specific imperfection masses by varying the axial positions of the
masses only. This will be significant in the trimming process.
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Fig. 6. Variation in the coupling between the in-plane and out-of-plane generalized co-ordinates due to variation in the
axial position of the imperfection mass for the case of three mass imperfections (O, W; O, V for variations in L;; +, V'
for variations in L,; x, V' for variations in Lj3).

The effect on the in-plane/out-of-plane coupling is illustrated in Fig. 6 by varying the axial
positions of three imperfection masses (of 0.1%, 0.2% and 0.3% of the mass of the perfect ring at
0°, 35° and 70°, respectively and radial distances of —//2). If the axial position of a specific mass
is not being varied it is kept constant at L/2. To produce Fig. 6, the ring was excited at the natural
frequency of the predominantly in-plane mode. It can be seen that varying the axial positions of
the different masses will have different effects on the coupling. In particular, there is an
arrangement of imperfection masses (m; at approximately —2L/5 and m, and ms at L/2) that
produces no in-plane/out-of-plane coupling. Thus, it is possible that the imperfections may be
arranged to produce no in-plane/out-of-plane coupling and so inversely it is implied that trimming
masses can be applied to nullify the effect of the imperfections.

In summary, it has been shown that the angular positions of the in-plane and out-of-plane
sensors will have a significant effect on the level of in-plane/out-of-plane coupling that is
measured at different driving frequencies. It has also been shown that the axial distances of the
imperfections from the centre-line of the cross-section of the ring have a significant effect on the
coupling and that it is possible for there to be combinations of imperfections masses offset from
the centre-line that do not introduce an overall in-plane/out-of-plane coupling.

3. Trimming process

In Section 2, the effect of imperfection masses on the in-plane and out-of-plane modes of a
perfect ring was considered. It was shown that the imperfection masses introduce frequency splits
and fix the orientations of the in-plane and out-of-plane modes. In addition, it was shown that
imperfections not located within the central plane of the ring induce cross-coupling between the
in-plane and out-of-plane modes, and that the modes can no longer be treated as being purely in-
plane or purely out-of-plane. Indeed, it is possible that the modes are a complex combination of
in-plane and out-of-plane contributions.
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Mass trimming is the attachment or removal of mass to eliminate or at least reduce the
frequency splits between the modes of interest. The analysis described in Section 2 can be used to
achieve this by identifying the magnitudes and locations of equivalent imperfection masses that
give the same frequency splits and mode orientations as those observed for an imperfect ring
[13,19,20]. By removing these masses from the imperfect ring it is possible to eliminate the
frequency splits.

In what follows, a three stage trimming procedure is proposed. Stage 1 considers the trimming
of a pair of predominantly in-plane and a pair of predominantly out-of-plane modes. Stage 2
eliminates the in-plane/out-of-plane coupling. Stage 3 matches the in-plane and out-of-plane
natural frequencies. Each of these stages is considered in turn as follows.

3.1. Stage 1. Eliminating the frequency splits between a pair of predominantly in-plane and a pair of
predominantly out-of-plane modes of vibration

Egs. (26) and (30) relate attached masses and their angular positions to the split natural
frequencies and orientations of predominantly in-plane modes of an imperfect ring. Using
previous work by the authors, these equations can be re-written as

> misin2n(¢; — ,) =0, Y m;cos2ni(d; — ¢,) = M, (56, 57)

where 4, = (03, — 0H)(1 + 1) /(@3 + w})(1 —n?)) and M is the mass of the imperfect ring.
A similar pair of equations can be produced for predominantly out-of-plane modes from
Egs. (27) and (31), such that

Z mz(l + 2h1n20€) sin 2”0((151' - q)ng) = 09 (58)

i

D mil(1 4 2himgé) cos 2n0(h; — @,,,) = 2hingéAn,) = > miZ; = M Ay, (59)
1 1

where A, = (0}, — 0%,)/(w}, + v%,) and it has been assumed that second order products of the
radial and axial positions in Egs. (27) and (31) are negligible. This is reasonable provided that the
ring is thin.

To eliminate the frequency splits from a single pair of predominantly in-plane and a single pair
of predominantly out-of-plane modes of vibration, the equivalent imperfection masses and their
angular positions can be found by solving Egs. (56)—~(59) for m;, h; and ¢;. These equations can be
solved in a number of different ways. For example, the radial or angular positions can be set as
variables or pre-determined constants, as could the magnitudes of the masses. As can seen by
comparing previous studies [19,20], the simplest analytical solution can be determined by leaving
only one variable, the magnitude. In this case, one possible solution to Egs. (56)—(59) is

N sin2n(¢; — @,,) SIS
_ i i~ Pl - _ s 60, 61
™ ; M sin 2ni(py — @n) i Z oy ( )

M, "
my = Mo = y 4 Li Z mik; = M, (62, 63)
\43
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where {;, x;, k; and 1z are constant terms defined in Appendix A (see Egs. (A.1-A.4)) and N is the
total number of trimming masses to be applied to the ring.

As noted in Ref. [20], there are an infinite number of solutions to Egs. (60)—(63) if the total
number of trimming masses is greater than the number of equations to be solved. One possible
solution to Eq. (63) for 4<i< N is

. M =
a (N —=3)x;

Using Egs. (60)—(64) the frequency splits and orientations of a single pair of predominantly in-
plane modes and a single pair of predominantly out-of-plane modes can be represented
equivalently as N imperfection masses attached at predetermined positions to a perfect ring.
Performing the inverse procedure, the frequency splits can be eliminated simultaneously by the
removal of the same imperfection masses. This procedure will be demonstrated later through
numerical example. However, before doing this, elimination of the in-plane/out-of-plane coupling
needs to be considered.

3.2. Stage 2. Elimination of the in-planelout-of-plane coupling

If no coupling exists in the imperfect ring that is to be trimmed, it is a simple process to prevent
coupling from entering the system. It can be seen from the off-diagonal coupling terms in Eq. (23),
that cross-coupling can be avoided by applying the masses on the central plane of the ring, i.e., at
L; = 0. In practice, this can be achieved by dividing each mass in half and applying one half at L /2
and the other half at —L/2. However, in a typical ring coupling will exist and will need to be
eliminated.

To determine the coupling and so eliminate it, it is necessary to consider the amplitudes of the
in-plane (Eq. (47)) and the out-of-plane (Eq. (49)) displacements of the ring in response to
externally applied forces. These equations need to be solved to ensure that there is a minimum
amount of in-plane/out-of-plane coupling.

In a practical device, the coupling will be identified by the application of external forces in either
an in-plane or an out-of-plane direction and by comparing the responses of the in-plane and out-
of-plane motions. The forces will be applied along specific generalized co-ordinates so as to
simplify Egs. (47)—(50). If a mass lies at a nodal position of the in-plane generalized co-ordinate
along which an excitation force is applied, the effect of that mass on the coupling will not be
observed and so would appear not to exist. To detect that mass, a second force will need to be
applied to the other in-plane generalized co-ordinate. Hence, two forces will need to be applied to
ensure that the effects of all of the imperfection masses are observed. Similarly, the motion of the
ring in the coupled direction (i.e., the out-of-plane direction if an in-plane force is applied) needs
to be measured at two distinct positions just in case the masses lie at nodal positions of the
coupled out-of-plane generalized co-ordinates. For these reasons, four combinations of external
forces and orthogonal sensor positions are required to fully assess the effect of all of the mass
imperfections on the in-plane/out-of-plane coupling. For the following analysis, it will be assumed
that in-plane forces will be applied and two combinations of out-of-plane sensor position are
required for each in-plane force.
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The response of the ring in the in-plane and the out-of-plane directions to a force associated
with the first in-plane generalized co-ordinate F;; has already been considered, see Egs. (51) and
(52). A similar pair of equations can be generated for a force Fj,. The ratio of the out-of-plane to
in-plane motion for applied forces F;; and Fj, is

12
V(Fn, $p) w? (Br1o1 cos ¥ o1 — Brioy cos ¥ )’ 65)
W, ¢p)  nrcosni(dy — ,)\  + (Bpoisin Por — Brioasin Pon)* )

12
V(Fr2, $p,) w? (B1201 c0s Y01 — Bron cos ¥ oo)° ! (66)
W(Fp, ¢,) nrsinng(g, — ¢,) ’

where Brjp; and B are given by Eq. (54) and Bjip; and B, are given by Eq. (55). These
terms depend upon the angular locations of the out-of-plane sensors ¢,,, see Fig. 5. Thus,
Egs. (65) and (66) can be used to generate the four equations that need to be solved to represent
the measured out-of-plane/in-plane coupling V'/W, as determined by in-plane and out-of-plane
sensors at angular positions of ¢, and ¢,,, respectively, as a set of equivalent imperfection
masses. Once these imperfection masses have been calculated, their removal will eliminate the
coupling. A general solution and a more specific solution to the problem of calculating the
equivalent imperfection masses will be outlined next.

(1) The general solution: The magnitude, angular positions and radial positions of the trimming
masses were determined in Section 3.1. Consequently, only the axial positions of these trimming
masses need to be considered here. A general solution can be determined by finding the minimum
of

+ (Brao1 sin Yo1 — Broa sin ¥ op)*

1/2
Z 1— W(Fn, ¢,) ? (Brio1 c0s o1 — Brioz cos ¥ o2)’
Bpo V(Flla d)po) ny Cos n1(¢pi - Q’n,) + (31101 sin 'POI — B1102 sin qjoz)z

2

b

12
W(Fp, ¢,) w? (Brao1 ¢0s ¥ o1 — Braoa cos ¥ )
+ ) (1
(bpo

B V(F12a 4)[)0) ny sin I’l](ﬁbpl' - q)n[) + (31201 sin 'POI — B1202 sin le02)2

(67)

where the summation is over the out-of-plane sensors. The in-plane and out-of-plane
displacements, W(Fi,¢,;) and V(Fk, ¢,,), are measured at two distinct out-of-plane angular
positions of ¢, and ¢,, + 1/2n0. The second angle has been chosen because the angle between
the out-of-plane generalized co-ordinates is m/2n¢.

The only variables in Eq. (67) are the axial positions of the masses and these terms appear as
linear contributions in the Bj; terms. In general, the minimum of Eq. (67) can be solved either
graphically or by using numerical search techniques. However, for a practical arrangement of a
sensor, it is possible to obtain an algebraic solution, as discussed next.

(i1) An algebraic solution: 1t is possible to obtain an algebraic solution to Eq. (67) when the out-
of-plane generalized co-ordinates and the out-of-plane sensors are aligned (¢,, = ¢,,,). In this
case, an individual out-of-plane sensor will only measure the displacement along a single out-of-
plane generalized co-ordinate, significantly simplifying Egs. (65) and (66).
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Before considering this simplification method in detail, it is worthwhile noting that two
different methods can be used to align the out-of-plane generalized co-ordinates and the out-of-
plane sensors. By introducing deliberate imperfections into the structure of the ring, the modes
can be aligned at, or close to, a particular angular position. Analysis of a method for doing this is
briefly described in Appendix I of [20]. This method would have to be used if the angular positions
of the sensors are fixed by the manufacturing process with respect to the physical structure of the
ring, for example by being etched onto the surface. If the manufacturing process does not fix the
angular positions of the sensors, the alignment of the generalized co-ordinates and the sensors can
be achieved easily by simply rotating the ring until the correct alignment is achieved. The
prototype ring and sensor structure designed by Eley [2] can be aligned in this way.

Whichever method is used to align the out-of-plane generalized co-ordinates and sensors, the
ratio of the out-of-plane displacements to in-plane displacements measured by the two sensors in
response to in-plane forces of Fj; and Fj; can be determined from Egs. (65) and (66), by
substituting ¢,, = @,, and ¢,, = @, +mn/2no. Since the mass terms my involve a linear
summation (see Egs. (12)—(15)), Egs. (65) and (66) can be rewritten in the form of four linear
equations as

Z Gi(mj)L; = 9, (68)

where k=1101, 1102, 1201 and 1202 and Gj; and 3; are defined in Appendix A (see
Egs. (A.5)—(A.12)).

In a similar manner to that described in Section 3.1, when determining the magnitudes of the
trimming masses from Egs. (56)—(59), there are an infinite number of solutions that can be
obtained from Eq. (68) and one possible solution set is

o 1101 — Ziz LiGri01(m;)

L= Grio1(my) ’ ()
I, = (81102Gri01(m1) — 91101Gr102(my)) — Zf\;% Li(Gri01(m1)Grio2(m;) — Grio1(m;)Gri02(m1))
? (Gro1(m)Grio2(m2) — Grio1(m2)Gri02(m1)) ’
(70)
_ % = 2, LiGi(my)
L= G (m3) ’ 7
N
Z Li(G1(m3)Ga(m;) — Go(m3)Gi(my)) = 92Gi(m3) — 31 Ga(m3), (72)
i=4

where Gy, Gy, 31 and 9, are defined in Appendix A (see Egs. (A.13) and (A.14)).
Similarly, if the number of trimming masses N is greater than 4, there are an infinite number of
solutions to Eq. (72), one of which is that for 4<i< N is

_ HG1(m3) — 1 Gr(m3)
(N = 3)(G(m3)Gr(m;) — Go(m3) Gy (m;))

L; (73)
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In summary, if the out-of-plane displacement of the ring can be measured by a pair of out-of-
plane sensors that are aligned with the out-of-plane generalized co-ordinates, the in-plane/out-of-
plane coupling can be represented “‘equivalently” by positioning the imperfection masses at the
axial positions given by Eqgs. (69)—(73). Inversely, by removing the trimming masses from these
positions, the in-plane/out-of-plane coupling can be eliminated from the system. This will be
demonstrated later using a numerical example.

3.3. Stage 3. Matching the in-plane and out-of-plane natural frequencies

In the analysis performed so far, the elimination of the frequency splits and the in-plane/out-of-
plane coupling has been produced by the use of trimming masses. A similar method can also be
applied to eliminate the difference between the in-plane and out-of-plane natural frequencies.
Assuming that the frequency splits of the in-plane and out-of-plane modes have been eliminated
successfully, it is a simple task to use Egs. (26) and (27) to determine the trimmed natural
frequencies resulting from Stage 1. These are given by

o2, = 2M w3, w3, o2, = 2AM +2n5E Y, m,-h,-)a)%)la)%)z.

(M — Zi mz’)(w% + w%2) (M — Zi mi)(w%n + wzoz)
Comparing these equations it can be seen that the in-plane and out-of-plane natural frequencies
could have been trimmed to the same perfect natural frequency by carefully selecting the radial

positions 4; of the trimming masses. Letting wo; = wpp and combining Egs. (74) and (75) indicates
that this is achieved if

(74,75)

Z mih; — = 2é(a)na’lz (0 + 05y) 1>' (76)

W Wy (W7, + ©F)

If the radial positions of the trimming masses had not been considered to be constant in Section
3.1, the natural frequencies of the predominantly in-plane and predominantly out-of-plane modes
could have been deliberately trimmed to the same frequency by simultaneously solving Egs. (56)—
(59) and (76). The reason why this was not proposed earlier was because of the practical
constraint that mass can only be added or removed from the surface of the ring. Previously, it was
necessary to have the axial positions of the trimming masses as being variable to allow the in-
plane/out-of-plane coupling to be eliminated. To achieve this in practice, the trimming masses will
need to be applied in pairs on opposite faces of the ring at particular angular positions to replicate
the addition of a single trimming mass inside the ring. Allowing the radial position to be variable
as well, the pair of trimming masses will need to be split into a set of four trimming masses applied
at the four corners of the cross-section of the ring. This increases the complexity of the trimming
process and increases the possibility of errors entering the trimming process.

Another reason for not matching the natural frequencies earlier was due to a consideration of
the effect of errors in the trimming process. If the trimming masses are not applied in the correct
proportions at the correct locations, errors will be introduced into the system, which have the
potential to increase the in-plane/out-of-plane coupling. If the natural frequencies of the
predominantly in-plane and out-of-plane modes are sufficiently far apart, this coupling can be
compensated for easily. However, if the natural frequencies are close together, the modes may
become complex combinations of in-plane and out-of-plane contributions and it will be more
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difficult to compensate for the errors. For this reason, it is preferable that wg; and wgp are not
close together.

The matching of the in-plane and out-of-plane natural frequencies for a pair of unsplit
frequencies and no in-plane/out-of-plane coupling will now be outlined. As before, the trimming
will be performed by the application of trimming masses and so a modified set of the equations
used in Sections 3.1 and 3.2 will be used here. It is necessary to consider the effect that the
trimming masses will have on the natural frequencies and in-plane/out-of-plane coupling so that a
set of masses can be chosen that introduce no frequency splits and no in-plane/out-of-plane
coupling.

For example consider Egs. (56)—(59), which are used to trim the natural frequencies of the in-
plane and out-of-plane modes in Stage 1. Setting w;; = w;; and wp; = wey in these equations
gives

> misin2ny(¢; — ¢,) =0, > mjcos 2ni(p; — ¢,,) =0, (77,78)

> i1+ 2hingé) sin 2no(¢; — @,,,) = 0,

1

> mil + 2hingE) cos 2nop(¢; — @,,) = 0. (79, 80)

1

The aim of the trimming process is to eliminate the difference between the in-plane and out-of-
plane natural frequencies without introducing frequency splits into either the in-plane or the out-
of-plane modes. This is achieved if Egs. (77)—~(80) are satisfied. The problem of determining such
solutions is immediately simplified by applying trimming masses of identical magnitude at each
angular position and by fixing the angular positions of the trimming masses in a simple pattern,
such as by having uniformly spaced trimming masses. For such an arrangement of masses, it is
important to realise that certain numbers of uniformly spaced trimming masses (N) can introduce
frequency splits into either the in-plane or out-of-plane modes and/or in-plane/out-of-plane
coupling.

Consider a set of N masses of equal magnitude, placed at the same radial distance from the
centre-line of the ring and positioned at regular intervals around the circumference of the ring,
such that the angular separation between neighbouring masses is 21t/N, see Fig. 7. It can be shown
[23] for this configuration that Eqgs. (77)—(80) can only be satisfied if 2n; /N is not an integer and
2np/N is not an integer.

Consider next the influence of the masses on the in-plane/out-of-plane coupling. By rearranging
Eq. (68) it can be shown that there will be no in-plane/out-of-plane coupling introduced to the
ring provided that

> miLi(cos(no + np)¢; Ecos(no — ni;) = 0, (81)

Z m;Li(sin(no + ny)¢; xsin(no — nr)$;) = 0. (82)

There are a number of possible solutions to these equations. A trivial solution exists when L; is
equal to zero for each mass, i.e., each mass lies on the central plane of the ring. Alternatively, if L;
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Fig. 7. Angular positions of N = 7 uniformly spaced trimming masses.

is a non-zero constant, it can be shown that no coupling exists when N is not equal to (np + ny),
2(no + ny), (no — ny) or 2(np — ny)—assuming that the masses are identical and uniformly spaced.

So far it has been shown that it is possible to use a set of regularly spaced trimming masses to
modify the natural frequencies of the in-plane and out-of-plane modes of vibration without
introducing either frequency splits and/or in-plane/out-of-plane coupling. To determine the
trimming masses required to match the in-plane and out-of-plane natural frequencies, it is
necessary to consider the frequency that the modes are to be trimmed to by the second set of
trimming masses. The natural frequencies that the in-plane and out-of-plane modes are trimmed
to are given by Eqs. (74) and (75), respectively, where w;; = wp and wg; = wey are taken to be
the natural frequencies of the ring after Stage 1. Eq. (76) provides the relationship between the in-
plane and out-of-plane natural frequencies (after Stage 1), the second set of trimming masses and
their radial positions. Fixing the radial positions of the trimming masses, and setting the natural
frequencies after the first trimming process to be w;; and wo;, the required magnitude of each of
the second set of NV trimming masses can be shown to be

M w3,
= (O ), 83
" Zn%)h,-Né<a)%)l > (83)

The value of /4; has been fixed at the same value for each mass, although no value has been
specified. Values for /; will be considered now. The initial difference between the in-plane and
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out-of-plane natural frequencies will be significant in the choice of radial positions. If w; <wg1, a
positive value for 4; would indicate that imperfection masses had been removed from the ring and
so require that the trimming masses are added to the ring, whilst a negative value would indicate
that imperfection masses had been added to the ring and so require that the trimming masses are
removed from the ring. Similarly, if w; > wey, a positive value for /; would require that the
trimming masses are removed from the ring whilst a negative value would require that the
trimming masses are added to the ring.

In summary, a method for trimming the two in-plane and the two out-of-plane modes of
vibration to identical natural frequencies has been devised. The proposed method will be
demonstrated in the numerical examples that follow.

4. Numerical examples

Numerical examples will be used to verify the solutions to the proposed trimming methods
described in Section 3 and will be performed in three stages. In Stage 1, Eqgs. (60)-(63) will be
solved to determine the magnitude and radial positions of the trimming masses needed to
eliminate the frequency splits from a pair of predominantly in-plane modes and a pair of
predominantly out-of-plane modes. In Stage 2, Egs. (69)—(72) are solved to determine the axial
positions of the trimming masses arising from Stage 1 to eliminate the in-plane/out-of-plane
coupling. In Stage 3, Eq. (83) is used to determine the second set of N trimming masses, to match
the in-plane and out-of-plane natural frequencies. At each stage of the trimming process, the
natural frequencies and orientations of the four modes are calculated.

As in the earlier numerical example, the dimensions of the ring are taken to be p = 8250 kg/m’,
R=0.0415m, 2 =0.003 m and L = 0.00105 m and it is assumed to be initially perfect with the
unsplit in-plane 2¢» modes having a natural frequency of 4000 Hz and the unsplit out-of-plane 3¢
modes having a natural frequency of 4004 Hz. Applying two imperfection masses of 0.05% and
0.1% of the mass of the perfect ring M at 0° and 35°, respectively, with each mass applied at a
corner with #; = —h/2 and L; = L/2, the in-plane and out-of-plane natural frequencies split. The
resulting in-plane modes have frequencies of 3997.837 and 3996.171 Hz with the higher frequency
mode orientated at —16.88°. The resulting out-of-plane modes have frequencies of 4002.648 and
4000.746 Hz with the lower frequency mode orientated at 8.97°. Throughout all stages of the
trimming process the N trimming masses are uniformly spaced around the circumference of the
ring and in the tabulated data the angular position of one mass, such as ¢,, can be found by
adding 2n/N onto the angular position of the previous mass, ¢;. The number of trimming masses
is chosen such that N = 7 (see Fig. 7)—this choice of N ensures that identical, uniformly spaced
masses do not split the in-plane 2¢p modes and the out-of-plane 3¢ modes.

4.1. Stage 1. Elimination of the frequency splits from a pair of predominantly in-plane modes and a
pair of predominantly out-of-plane modes

Each row of Tables 1 and 2 shows results for the magnitude of the (N = 7) uniformly spaced
trimming masses required to perform Stage 1 of the trimming procedure. The trimming masses
indicated in Table 1 have been determined by fixing the radial position 4; of each of the trimming
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Table 1
Simultaneous elimination of the frequency splits from a pair of in-plane and a pair of out-of-plane modes with
h; = —h/2 for all trimming masses

¢1 ml/M }’I/ZQ/M Wl3/M m4/M WZ5/M mG/M I’H7/M oy oo w01/w00

(rad) (%) (%) (%) (%) (%) (%) (%) (Hz) (Hz)
L L Ls Ly Ls Lg Ly
(mm) (mm) (mm) (mm) (mm) (mm) (mm)

0 0.033 —0.008 —0.046 0.007 —-0.012 0.012 —0.007 39974 4002.0 0.9989
—1.215 2.311 0.788 1.543 —1.068 —1.068 1.543

2n/7 0.005 —0.047 —0.020 —-0.014 0.025 —0.025 0.014 3998.2 4002.7 0.9989
—3.344 0.472 —1.473 —-0.914 0.632 0.633 -0.914

4r /7 —0.052 —0.009 —0.021 0.011 —-0.019 0.019 —0.011 3998.6 4003.0 0.9989

0.015 —-2.478 —2.136 0.680 —-0.471 —-0.471 0.680

on/7 —0.019 —0.035 0.057 0.004 —0.008 0.008 —0.004 3996.9 4001.7 0.9988
—2.037 —0.987 0.473 0.502 —0.348 —0.347 0.502

8n/7 —0.038 0.051 0.021 0.001 —0.002 0.002 —0.001 3996.3 4001.2 0.9988

—1.571 —0.079 0.860 —7.312 5.061 5.060 —7.313

10m/7 0.041 0.015 0.034 0.009  —0.015 0.015  —0.009 39952  4000.3  0.9987
0.175  —0.831 —0.543  —-2.045 1.415 1.415  —2.045

121/7 0.031 0.032 —-0.024 —-0.017 0.031 —0.031 0.017  3996.2  4001.1  0.9988
—1.597 0.030 2.584 0.365 —0.253 —0.253 0.365

0 0.056  —0.011 —0.054 0.028 0 0 0 3996.6  4001.4  0.9988
—-0.914  —1.080 1.097 1.543

0 0.007  —0.039  —0.042 0 —0.050 0 0 3999.5  4003.6  0.9990

0.233 0.776  —0.408 —1.067

0 0.029 0.023 —0.020 0 0 0.050 0 39954 40004  0.9987
—3.268 —0.289 3.945 —1.068

0 0.041 —0.005  -0.070 0 0 0 —0.028  3998.2  4002.6  0.9989
—0.424 10.754 0.365 1.543

masses at —//2. The trimming masses shown in Table 2 have been determined by fixing the radial
position of each of the odd-numbered trimming masses at —//2 and of each of the even-numbered
trimming masses at /1/2. The trimming masses are presented as a percentage of the mass of the
original perfect ring. The trimming masses shown successfully eliminate the frequency splits of the
pair of predominantly in-plane and out-of-plane modes to the frequencies shown.

It can be seen from Table 1 that the modes can be trimmed simultaneously to a variety of
different frequencies—the results shown are obtained by varying the order in which the angular
positions are substituted into the relevant equations. In addition, comparing Tables 1 and 2 it can
be seen that varying the radial position of the trimming masses produce different sets of trimming
masses and trim the modes to different natural frequencies. Depending on the choice of radial
positions and the choice of the order in which the trimming masses are considered, it is possible to
vary the natural frequencies that the modes are trimmed to and it may be possible to trim the
modes to frequencies that are closer together or further apart than the initial splits. It can be seen
from the final columns of Tables 1 and 2 that the ratio of the trimmed in-plane natural frequency
to the trimmed out-of-plane natural frequency does not have a fixed value, although the variation
in the ratio is small for the trimming masses shown.
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Table 2
Simultaneous elimination of the frequency splits from a pair of in-plane and a pair of out-of-plane modes with
h; = —h/2 for all odd-numbered trimming masses and /4; = /1/2 for all even-numbered trimming masses
o) my /M my/ M my/ M ma/ M ms/M me/ M my /M wor woo wor /o0
(rad) (%) (%) (%) (%) (%) (%) (%) (Hz) (Hz)
L L, Ls Ly Ls L Ly
(mm) (mm) (mm) (mm) (mm) (mm) (mm)
0 0.034  —0.0005 —0.041 0.006 —0.012 0.015 —0.007 3997.1 4001.6  0.9989
—1.174 38.617 0.893 1917 —1.068 —0.860 1.543
2n/7 0.011  —0.046 —0.022 —0.011 0.025  —0.032 0.014  3998.2 4003.4 0.9987
—1.360 0.484 —1.333 —1.136 0.632 0.510 —0914
4r /7 —0.051 0.002 -0.013 0.009 —0.019 0.024  —0.011  3998.2  4002.3  0.9990
0.015 12.575 —3.495 0.845 —-0471 —-0.379 0.680
on/7 —-0.014  —0.022 0.064 0.003  —0.008 0.009 —0.004 3996.4 4001.3  0.9988
-2.767 —1.528 0.417 0.624 —0.347 —0.280 0.502
8n/7 —0.046 0.039 0.014 0.001  —0.002 0.003  —0.001 3996.8 4001.2  0.9989
—1.316 —-0.104 1.258 -9.093 5.065 4.081 —7.319
10m/7 0.039 0.018 0.037 0.007  —0.015 0.019  —0.009 3995.1  3999.8  0.9988
0.185  —0.704 —0.496 —2.541 1.415 1.410 —2.045
121/7 0.026 0.010 —0.040 -0.014 0.031 —0.039 0.017  3997.2 40022 0.9987
—1.886 0.094 1.574 0.454 —-0.253 —-0.204 0.365
0 0.062  —0.007 —0.058 0.022 0 0 0 3996.6  4001.3  0.9988
—0.831 —1.847 1.021 1.917
0 0.012  —0.029 —0.036 0 —0.050 0 0 3999.1  4003.5  0.9989
0.126 1.048 —0.471 —1.068
0 0.022 0.037 —0.0001 0 0 0.062 0 3994.6  3999.0  0.9989
—-4.359  —0.179 650.6 —0.860
0 0.042  —0.003 —0.069 0 0 0 0 —0.028  3998.2  4002.6  0.9989
—-0.417 14.520 0.369 1.543

4.2. Stage 2. Elimination of the in-planelout-of-plane coupling

Tables 1 and 2 also include the axial positions of the required trimming masses to eliminate the
in-plane/out-of-plane coupling. To determine the coupling, the in-plane sensor is aligned for all
four equations at ¢,; = ¢, , which is a valid position for the sensor as it is not a nodal position for
either of the in-plane generalized co-ordinates. The coupling is calculated using the original
imperfection masses using Egs. (65) and (66), and the axial positions are calculated using
Eqgs. (69)—(73). For clarity, the axial positions shown in Tables 1 and 2 have been recorded in
millimetres and should be compared with the axial distance from the centre of the ring to its upper
and lower surfaces, which is 0.525 mm.

In principle, if the trimming masses are placed at these axial positions, the in-plane/out-of-plane
coupling is eliminated from all four modes of vibration, leaving a pair of purely in-plane modes
and a pair of purely out-of-plane modes. The applicability of the presented axial positions are
limited because they do not lie on the surface of the ring. It can be noted that most of the axial
positions are outside the cross-section of the ring and many of them are at a significant distance
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from the surface. For this practical reason, it is necessary to modify the axial positions of the
trimming masses.

There are three possible methods of modifying the axial positions: (i) the individual trimming
masses can be split into two masses and applied on opposite faces of the ring; (i) larger trimming
masses can be calculated using a modified form of Egs. (63) and (64); (iii) the axial positions can
be adjusted by modifying Egs. (69)—(73). Each of these methods are considered next.

(1) Division of the trimming masses into pairs of trimming masses: Dividing the trimming masses
into pairs of trimming masses is possible because the in-plane/out-of-plane coupling is linearly
dependent on the axial position L; of the masses, and the natural frequencies of the predominantly
out-of-plane modes are approximately linearly dependent on the radial positions of the masses.
Thus, if a trimming mass m; is required to be removed from inside the ring (for example at
—L/2<L;<L/2), the same effect can be achieved by applying two masses on opposite faces of the
cross-section of the ring (at +L/2) with the size of the two masses, m;; and m;_, given by

m,-+L - Wl[,L
2 2

=m;L; and miy +m;_ = m,. (84, 85)

Consider the effect of doing this for the example considered. Table 3 records the magnitude of the
14 trimming masses that would result from applying Egs. (84) and (85) to the trimming masses of
Table 1. m;; and m;_ indicate the masses that would be applied at axial positions of L/2 and
—L/2, respectively at angular position ¢;. Comparing Tables 1 and 3, it can be seen, as expected,
that the effective trimming mass applied at each angular position has not increased, although the
overall magnitude of the two trimming masses may be larger than the original mass if the original
mass was to be placed outside of the cross-section of the ring.

The trimming masses shown in Table 3 can be used in a practical process to simultaneously
eliminate the frequency splits of the predominantly in-plane and out-of-plane modes and the in-
plane/out-of-plane coupling. This is demonstrated in Fig. 8, which has been formed by applying
the two imperfection masses and the last set of trimming masses recorded in Table 3 (the set with
the 0.004% and 0.037% masses applied at 0 radians) incrementally to the perfect ring and
calculating the natural frequencies and mode shapes at each stage. This was done to investigate
how far the mode shapes deviate from being purely in-plane and out-of-plane as the original
imperfection masses are added to the perfect ring and then how closely the trimming masses
return the modes to being purely in-plane or out-of-plane. For continuity, in Fig. 8 both stages
have been shown in the same graph. In Fig. 9, this will be taken one stage further to include the
trimming of the in-plane and out-of-plane modes to the same natural frequency.

Fig. 8 consists of five separate figures. Figs. 8(a)—(d) represent the eigenvectors. The proportion
of the mode shape along the two in-plane and two out-of-plane generalized co-ordinates is
represented in the four curves. In each of Figs. 8(a)—(d), only three of the four generalized co-
ordinates can be seen due to the vertical scale. The displacement of the fourth generalized co-
ordinate, at approximately unity, is significantly larger than those of the other three generalized
co-ordinates and indicates the predominant contribution to each mode. For each mode, the sum
of the square of the displacements along each generalized co-ordinate at a specific frequency is
equal to unity.

Fig. 8(e) shows the natural frequencies of the four modes shown in Figs. 8(a)—(d). It can be seen
that there are two sets of curves in Fig. 8(e); one solid, one dashed. The two sets have been
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Table 3
Simultaneous elimination of the frequency splits from a pair of in-plane and a pair of out-of-plane modes with
h; = —h/2 for all trimming masses

ol miy /M myy /M may /M may | M msy /M mey | M myy /M
(rad) (7o) (7o) (7o) (7o) (7o) (7o) (7o)
mi_ | M M /M My /M My /M Ms_ /M Me_ /M Mo /M
(%0) (o) (7o) (7o) (7o) (7o) (%)
0 —0.022 —0.022 —0.058 0.014 0.006 —0.006 —0.014
0.055 0.014 0.012 —0.007 —0.019 0.017 0.007
2n/7 —0.012 —0.045 0.018 0.005 0.028 —0.028 —0.005
0.017 —0.002 —0.038 0.017 —0.003 0.003 0.019
4n/7 —0.027 0.017 0.032 0.012 —0.001 0.001 —0.012
—0.026 —0.026 —0.052 —0.002 —0.019 —0.018 0.002
on/7 0.027 0.015 0.054 0.004 —0.001 0.001 —0.004
—0.046 —0.050 0.003 0.00009 —0.006 0.006 —0.00009
8n/7 0.038 0.022 0.028 —0.008 —0.012 0.012 0.008
—0.076 0.030 —0.007 0.009 0.010 —0.010 —0.009
10mt/7 0.027 —0.004 —0.0006 —0.012 —0.028 0.028 0.012
0.014 0.020 0.034 0.021 0.013 —0.013 —0.021
12n/7 —0.031 0.017 —0.072 —0.015 0.008 —0.008 0.015
0.062 0.015 0.048 —0.003 0.023 —0.023 0.003
0 —0.021 0.006 —0.084 0.054 0 0 0
0.077 —0.017 0.030 —0.027
0 0.005 —0.048 —0.005 0 0.026 0 0
0.002 0.009 —0.037 —0.075
0 —0.075 0.005 —0.085 0 0 —0.026 0
0.104 0.018 0.065 0.075
0 0.004 —0.049 —0.059 0 0 0 —0.054
0.037 0.045 —0.011 0.027

included to demonstrate the validity of neglecting the terms involving /47 and L? from the
calculations of the out-of-plane natural frequencies (see Eqgs. (27) and (31)). The dashed curves are
the approximate solutions, whilst the solid curves are the exact solutions. There is a small
difference in the results, the exact solution has a slightly lower frequency, but over the entire
trimming procedure it can be seen that the difference has a negligible effect. For this reason, it is
reasonable to neglect terms involving 47 and L? in Egs. (27) and (31).

In the first half of each of the Figs. 8(a)—(¢), the magnitude of the imperfection masses applied
to the ring increases from 0% to 100% with no trimming masses applied at any point. The ratio of
the two imperfection masses is constant throughout. It can be seen from Figs. 8(a)—(d) that as the
size of the imperfection masses increases, the size of the in-plane/out-of-plane coupling of each
mode increases and, from Fig. 8(¢), that the frequency splits of the predominantly in-plane and
out-of-plane modes increase.

In the second half of Figs. 8(a)—(e), the magnitude of the trimming masses applied to the ring
increases from 0% to 100% with the imperfection masses applied at every point. The ratio of the
eight trimming masses is constant throughout. It can be seen that as the size of the trimming
masses increase, the size of the in-plane/out-of-plane coupling decreases and the frequency splits
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also decrease. Thus, the process of eliminating the effect of imperfections from a pair of
predominantly in-plane and out-of-plane modes has been demonstrated.

(i1) Modification of the magnitudes of the trimming masses (Eqs. (60)—(64)): For situations when
the calculated trimming mass is located outside of the cross-section of the ring, splitting the
trimming mass into a pair of trimming masses will yield one mass that needs to be added to the
ring and one that needs to be removed from the ring. This can be problematic if the trimming
process is only capable of adding or removing mass. This problem can be solved by considering
the magnitude of the trimming masses.

One reason that the trimming masses need to be placed outside the cross-section of the ring is
that the trimming masses are small in comparison with the original imperfection masses. Consider
Table 1 and specifically the last set of trimming masses (last row), which were used to produce Fig.
8. The largest trimming masses (0.041% and —0.070%) are comparable in size to the two
imperfection masses, and these masses are located within the cross-section of the ring. The other
two trimming masses are smaller and are located outside of the ring. Indeed, one mass is
significantly smaller than the other masses and this is located at a significant distance from the
surface of the ring. Thus, it can be seen that smaller masses need to be placed at greater distances
from the centre of the ring to satisfy Egs. (69)—(73).

Thus, if the trimming process can only accommodate the addition or the removal of mass, it is
necessary to increase the magnitude of each of the trimming masses. This can be achieved by
modifying Eqs. (64) for masses m; and m;, where 4<i, j<N, such that

_M-a)s

" _(M+Cl)‘[5
N =3

and m;

where a is a constant value that is independent of the properties of the ring and the trimming
masses and 7#j. This modification can be used to produce larger or smaller trimming masses and
has been used previously [20] to produce trimming masses that are all of the same sign.

For example consider Table 4. The first seven solutions in Table 4 have been formed from Table
1 by setting @ = 0.005, i =4 and 7 and j = 5 and 6 in Egs. (86) and (87). The remaining three
solutions have been generated by nullifying masses 4 and 7, replacing the 3 in Egs. (86) and (87)
by 5, setting i = 6, j = 5 and, in turn, a = 0.005, 0.006 and 0.007. Comparing Tables 1 and 4, it
can be seen that the magnitude of the trimming masses has increased and that the axial positions
have, in general, decreased. Indeed, most of the trimming masses now occur within the cross-
section of the ring. There are some exceptions but these are to be expected as the choices of the
masses to modify and the values of a were arbitrary.

The final three sets of trimming masses have been included for two reasons. Firstly, to illustrate
that as the value of a increases, the size of all the trimming masses may increase, whilst the axial
distances of all the trimming masses from the centre-line of the cross-section of the ring will
decrease, which has a significant effect on the natural frequencies. Considering the in-plane and
out-of-plane natural frequencies, it can be seen that the difference between them increases as «
increases, which means that larger trimming masses will be required to match the in-plane and
out-of-plane natural frequencies. This can be compensated for by choosing different radial
positions for the original set of trimming masses. In each of the three sets shown, the angular
position of mass m; was 0 radians.
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Table 4
Simultaneous elimination of the frequency splits from a pair of in-plane and a pair of out-of-plane modes with
h; = —h/2 for all trimming masses

oy my /M my /M my/ M my/ M ms/M me/ M my /M wor woo wor /o0
(rad) (%) (%) (%) (%) (%) (%) (%) (Hz) (Hz)
L L, L3 Ly Ls L L,
(mm) (mm) (mm) (mm) (mm) (mm) (mm)
0 0.103 -0.094 0.023 0.058 0.080 0.104 0.044 3987.0 3994.0 0.9983
—0.394 —0.196 —1.610 0.184 0.167 -0.127 —0.241
2n/7 —0.090 —0.187 -0.114 —0.084 —0.100 —0.151 —0.056 4012.7 4013.8 0.9997
0.172 0.119 —0.253 —0.153 —0.160 0.106 0.231
4r /7 —0.695 —0.957 —0.664 —0.463 —0.873 —0.835 —0.485 4099.9 4081.4 1.0045
0.001 -0.023 —0.065 -0.015 -0.010 0.011 0.015
on/7 0.162 0.233 0.238 0.138 0.233 0.249 0.130 3969.7 3980.6 0.9973
0.239 0.148 0.113 0.015 0.011 -0.011 -0.016
8n/7 0.766 1.237 0.826 0.594 1.066 1.071 0.591 3879.8 3911.5 0.9919

0.079  —0.003 0.022 -0.016 —0.011 0.011 0.016

10m/7  —0.198  —0.337 —-0.205 —0.168 —0.333  —0.302 —0.185 4031.9  4028.6  1.0008
—0.036 0.037 0.088 0.103 0.065 —-0.072  —0.094

12n/7  —0.173  —0.268 —0.228 —0.168 —0.240 —0.302 —0.133  4027.5 40253 1.0006
0.283  —0.004 0.275 0.038 0.033  —-0.026 —0.048

0 0.100 0.221 0.051 0 0.159 0.209 0 3928.3  3990.4  0.9980
—-0.465 —0.084  —0.605 0.167  —0.127

0 0.116 0.267 0.067 0 0.196 0.245 0 3979.4  3988.1  0.9978
—0.400  —0.069  —0.458 0.136  —0.108

0 0.132 0.313 0.084 0 0.233 0.282 0 3976.4 39858  0.9976
—-0.350  —0.059  —0.368 0.114  —0.094

Secondly, by not distributing the trimming masses evenly around the circumference of the ring,
the total size of the trimming mass applied to the ring can be reduced. Compare the set of
trimming masses applied at ¢, = 6m/7 and 8n/7 with the last three sets of trimming masses. The
reason that larger masses are required when the trimming masses are evenly distributed around
the circumference of the ring is that the coupling introduced by individual trimming masses is
largely negated by the other trimming masses. This is the principle that can be used to eliminate
the frequency split between the in-plane and out-of-plane modes without introducing coupling.
Therefore, only a small proportion of the coupling introduced by the trimming masses will remain
unbalanced and it is this small proportion that negates the coupling introduced by the
imperfection masses.

Fig. 9 shows the solutions to an incremental application of the second set of trimming masses in
Table 4 (the set with the —0.090% mass at 2rt/7 radians). Considering only the first two sections of
Fig. 9, it can be seen that the in-plane and out-of-plane frequency splits and the in-plane/out-of-
plane coupling have again been successfully eliminated. Thus, Egs. (86) and (87) can be used to
produce larger trimming masses, applied within the cross-section of the ring, that will successfully
trim the ring.

(iii) Modification of the axial positions (Egs. (69)—(73)): This method for modifying the axial
positions of the trimming masses involves making a modification to Eq. (73) similar to that made
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to Eq. (64) by Egs. (86) and (87). Specifically, for i#; and 4 <i, j< N, axial positions L; and L; can
be modified to
I $2Gi(m3) — $1Ga(ms) — b
"N = 3)(Gim3) Ga(my) — Ga(m3) G (my))
7 3 G1(m3) — $1Gr(m3) + b
b (N = 3)(Gi(m3)Ga(my) — Ga(m3)Gy(my))

where b is a constant value that is independent of the properties of the ring and the trimming
masses. It is unlikely that it will be possible to reduce the axial positions of all of the trimming
masses using this method alone. Instead, it could be used in conjunction with the other methods.

For example, the first of the five mass solutions in Table 4 (the set with the 0.100% mass at
position 1) has a single trimming mass outside of the cross-section of the ring, specifically at an
axial position of —6.05 mm. Using Eqgs. (88) and (89), the axial positions of the five masses,
reading from left to right, can be modified to —0.146, —0.119, 0.021, 0.278 and —0.043 mm
without changing the size of any of the masses.

(iv) General solution: Consider Figs. 10(a) and (b). These have been generated from Eq. (67)
using the same data that generated Fig. 9 with the exception that the out-of-plane angular
positions, ¢,,, were taken to be 15° and 45°, i.e., the out-of-plane sensors are no longer aligned
with the out-of-plane generalized co-ordinates. With this alignment of the sensors and generalized
co-ordinates, the analytical method previously used to determine the axial positions cannot be
used. Instead, a graphical solution to Eq. (67) is required. Fig. 10(a) shows the initial curves that
can be formed by varying the axial position of each of the trimming masses between +L/2 (i.e.,
+0.525 mm), whilst maintaining the axial position of the other trimming masses at L/2. It can be
seen that some of the curves have a minimum value at L/2 whilst other curves have a minimum
within the range considered. By determining the axial position of the trimming mass at which the
minimum of Fig. 10(a) occurs and fixing the axial position of the relevant trimming mass, a
further set of curves can be generated with a new set of minima. This process would continue until
a minimum is found with respect to all trimming masses such as the situation shown in Fig. 10(b),
which has been generated using the axial positions calculated by the previous method to fix the
positions of the trimming masses that are not being varied in each curve.

Thus, it has been shown that the methods derived in Section 3.2 to eliminate the in-plane/out-
of-plane coupling can be applied successfully.

(88, 89)

4.3. Matching the in-plane and out-of-plane natural frequencies

Consider the problem of matching the in-plane and out-of-plane natural frequencies without
introducing coupling into the ring. This can be observed from the final third of Fig. 9. After the
first set of trimming masses were applied to the ring, the in-plane modes had a natural frequency
of 4012.7 Hz whilst the out-of-plane modes had a natural frequency of 4013.8 Hz according to the
approximate solutions. Including the effect of 42 and L?, it can be seen, from Fig. 9(¢), that there is
a small difference between the exact and approximate out-of-plane natural frequencies, of about
0.1 Hz. The size of the second set of trimming masses will be determined from the approximate
solutions, which is the reason that it takes 100% of the second set of trimming masses to match
the approximate in-plane and out-of-plane natural frequencies but 110% to match the exact
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Fig. 10. (a) Initial set of solutions to Eq. (67) for the second set of trimming masses in Table 4 with variations in
the axial positions L; (O, L;; O, Lo; A, Ls; x, La;+, Ls; —, Le; O, Ly). Ly = L/2 if j#i. (b) Final set of solutions to
Eq. (67) for the second set of trimming masses in Table 4 with variations in the axial positions
L (O,L; O, Ly; A, Ls; %, Lys 4, Ls; —, Le; O, Ly). The value of L; is given in Table 4 if j#1.

in-plane and out-of-plane natural frequency. However, even at 100% of the trimming masses the
difference between the exact in-plane and out-of-plane natural frequencies is 0.1 Hz, which is a
difference of less than 0.01%.

To produce the final third of Fig. 9, seven regularly spaced trimming masses were removed from
the ring. The magnitude of these seven masses were calculated using Eq. (83) with the radial
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position of the masses being —//2 and so the second set of trimming masses each need to be
0.0351% of the mass of the trimmed ring, or 0.0349% of the mass of the perfect ring. The masses
were all attached to the ring at an axial position of 0 so as to introduce no additional coupling
between the in-plane and out-of-plane generalized co-ordinates. In the final third of Fig. 9, the
proportion of the trimming masses applied to the ring is increased from 0% to 100% with 100%
of the imperfection masses applied at every point and the trimming masses from Stage 1 also
applied at every point.

It can be seen from Figs. 9(a)—-(d) that some coupling between the in-plane and out-of-plane
generalized co-ordinates will reappear as the difference between the in-plane and out-of-plane
natural frequency decreases. This is because the curves have been generated using approximate
solutions, not exact solutions. However, as has already been noted, the difference between the in-
plane and out-of-plane natural frequencies is small, i.e., less than 0.01%, by the point that the
coupling becomes significant, as can be seen from Fig. 9(e).

Hence, it has been shown that it is possible to eliminate the frequency splits between the in-
plane and out-of-plane modes of vibration whilst maintaining the predominantly in-plane and
out-of-plane nature of the two pairs of modes.

5. Conclusions

A method for eliminating natural frequency splits between a pair of in-plane modes
and a pair of out-of-plane modes of an imperfect ring has been proposed. In contrast to
previous work, account has been taken of any coupling between the in-plane and out-of-plane
modes, ensuring that the trimmed modes are pure in-plane and pure out-of-plane modes.
The proposed mass trimming method is performed in 3 stages. Stage 1 eliminates the
frequency split between a pair of predominantly in-plane modes and a pair of predominantly
out-of-plane modes. Stage 2 eliminates any cross-coupling between the in-plane and out-of-plane
modes. Stage 3 matches all four of the in-plane and out-of-plane natural frequencies
together. Numerical results indicate that it is theoretically possible to trim the natural frequencies
using the proposed method. Further work is needed to experimentally validate the proposed
method.
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Appendix A

ng =1+ 2hin20€) sin 2”1(‘]—"]' - @n,) sin 2no(¢; — q)no)
- (1+ 2hjn20§) sin 2n;(¢p; — (Pn,) sin 2n0(d>j — (pnO), (A.1)
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2 = (1 + 2hngé) sin 2n(¢y — ;) sin 2no(¢p, — ®ny)
+ (1 + 2mnpé) sin 2n(d; — ¢y)sin 2no(ps — ®np)
+ (14 2hn¢) sin 2ni(¢y — ¢,) sin 2no(p; — Pny)» (A.2)
ki = E1(Caixs — (o3 Ay
+ECaxs — G tE=Cnl ., : (A3,A4)
HZ 13 o " — A (E1los + E2031 + E3(0)
—E3810 + xil12)3s
Grior = —mj;cosny(¢p; — @,,) cos no(dh; — ¢,,), (A.5)
Grnox = —mjcosny(¢; — @,,) sinno(p; — ,), (A.6)
Gro1 = m;sinng(¢; — @, ) cosno(¢p; — @,,), (A7)
GI202 =m; sin nl(d)i - q)nI) sin nO(d)i - (pno)a (A8)
V(F1, 9,,) (Mot + mor) (0}, — 0*) + 40’0l y%)"
9101 = 0 — o). (A9
1101 W(EFn, b, nzoi 2 cosny(¢p,; — @), (A9)
V(F11, 9., + 1/210) (Mo + mon) (0, — ?)” + 40?w,)5,)"
= . — , (A.10
31102 W (Fn by -y o~ cos n(¢y; — @p,), (A.10)
V(F12, 0,,) (Mo1 + mor) (0%, — ?)’ + 4602602017’201)1/2 ~
9 = o . — , A.ll
1201 W(Fp, ) ndé w2 sinng(¢,; — ¢,) ( )
V(Fp2, 9, + 1/2n0) (Moa + mon) (03, — @?)* + 40?075,
— i A.12
191202 W(F[Z,d)pi) nzoé @2 Sin n[(d)p[ (Pn,)> ( )
Gi(m;) = Grio1(mi)(Gr102(m1)Grok(m2) — Grok(mi)Gripa(ms))
+ Groo(mi)(Grok(m)Grio1(m2) — Grioi1(mi)Gror(ms))
+ Gpok(m)(Grio1(m)Gro2(mz) — Grioa(mi)Grio1(m2)), (A.13)
Y = 31101(Gr1020m1)Graok(m2) — Graor(m1)Grip2(mz))
+ 91102(Grok(m1)Grio1(m2) — Grio1(m) Gror(mz))
+ 30k(Grio1(m1)Gri02(m2) — Grio2(m1) Grio1(my)). (A.14)
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